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COMPACTIFICATIONS OF LOCALLY COMPACT GROUPS
AND CLOSED SUBGROUPS

A.T. LAU, P. MILNES AND J. S. PYM

ABSTRACT. Let G be a locally compact group with closed normal subgroup
N such that G/N is compact. In this paper, we construct various semigroup
compactifications of G from compactifications of N of the same type. This
enables us to obtain specific information about the structure of the compactifi-
cation of G from the structure of the compactification of N . Our results seem
to be interesting and new even when G is the additive group of real numbers
and N is the integers. Applications and other examples are given.

1. INTRODUCTION

A key technique in the study of locally compact groups has been to “induce”
properties of a group from information about its closed subgroups. This has
been dramatically successful in the theory of group representations (Mackey
[22], Dixmier [10], Kirillov [20]). In a less exalted sphere, there are theories al-
lowing the extension of functions in various classes from a subgroup to the whole
group (de Leeuw and Glicksberg [9], Dixmier [10], Henrichs [17], Berglund et
al. [4]). In this paper, we shall also obtain results of the latter kind; though they
will not be new, they will appear as corollaries to a new theory. Our principal
concern is with semigroup compactifications (X%, Z& P, A/ P, etc.) of
a group G and we show how to construct these from the same compactifica-
tions of a closed normal subgroup N provided that G/N is compact and that
some further conditions are satisfied (which always are when G is commuta-
tive). As corollaries, besides results about extension of functions, we also find
information about the structure of compactifications of G .

We shall indicate the scope of our theory by describing its application in a
special case, when G =R and N=7Z. Let I =[0, 1]; then I +Z =R. (More
details are given in 5.3.) We interpret this as saying that R can be obtained from
7 by attaching a copy of I between each pair of points n, n+1 (n € Z). If we
take a universal compactification of Z, say Z#¥% (the weakly almost periodic
compactification of Z), then our theory says that R”*% can be obtained by
adjoining I between each pair x, x + | (x € Z#¥%). The same holds for
other compactifications. Minimal left ideals in, say, RZ% can be obtained
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from minimal left ideals in Z<% (= BZ) by the same process. Results similar
to these for % -compactifications have also been obtained recently by Filali
[13].

To discuss functions, given x € R, we write x =t+n with t €I, n€ Z.
We shall find that f € Z%¥ 2(R) if and only if both n — f(t + n) is in
Y/ P(Z) for each t € I, and the set of functions {t — f(t+n) | n € Z} is
equicontinuous in & (I). The analogous result holds for %, &%, and so
on.

This paper is organised as follows. In §2 we give some basic definitions and
notations. In §3 we construct a locally compact semigroup from a semigroup
compactification X of a closed normal subgroup N of a locally compact group
G ; it is obtained as a quotient (G x X)/p of a semidirect product Gx X . When
G/N is compact, (G x X)/p is shown to be a semigroup compactification of
G . In §4 the results of §3 are applied to characterize functions of various kinds
on G in terms of functions of the same kind on N . §5 is devoted to examples.

2. PRELIMINARIES

For notation and terminology we shall follow Berglund et al. [4, especially,
or 3] as much as possible. Thus a topological semigroup is a semigroup S that
is also a Hausdorff topological space, multiplication (s, t) — st: S xS — S
being continuous. S is a semitopological semigroup if multiplication is only
separately continuous, i.e., the maps s — st and s — ts from S into S
are continuous for each s € S. For S to be right topological, only s — ts
is required to be continuous. The spaces of almost periodic, weakly almost
periodic, left continuous, distal, point distal and minimal (C-valued) functions
are denoted by Y P, WA P, XC, D, P2 and 472V , respectively. The
reader is reminded that, for a topological group G, X% is just the space of
bounded functions uniformly continuous with respect to the right uniformity of
G [18, p. 21]. Also, the first four of these spaces are left m-introverted; FZ
and #Z %Y are not left m-introverted, in general, but #Z is a translation
invariant C*-subalgebra of % , while .Z %/, although translation invariant,
need not be a linear space. Other references for these spaces are: de Leeuw and
Glicksberg [8] and Burckel [5] for &%/ % and Z¥ & ; Mitchell [26] for L&
(which is called Z#% % in [26] and elsewhere); and J. Auslander and Hahn[1],
L. Auslander and Hahn [2], Flor [14] and Knapp [21] for &, #Z and A5V .

Throughout this paper G will denote a locally compact group with identity
e . A semigroup compactification of G is a pair (¥, X), where X is a compact
right topological semigroup with identity 1 and w: G — X is a continuous
homomorphism with ¢ (G)~ = X and

w(G) C A(X) :={x€ X |y—yx, X — X is continuous}.

A(X) is called the topological center of X . When no confusion can arise, we
often refer to (w, X), or even to X, as a compactification of G. The reader
is directed to [4, §3.1] for the correspondence between compactifications and
left m-introverted subalgebras of #(G), and for a discussion of properties P
of compactifications and associated universal mapping properties. (Other ref-
erences for the concept of introversion are Day [7] and Mitchell [25].) For
the purposes of illustration, we mention here only that G*¥< | the weakly al-
most periodic compactification of G or the Z&/ P-compactification of G, is
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regarded as the spectrum of 7% Z(G). One property of compactifications
(w, X) with respect to which G#¥% is universal is: X is a semitopologi-
cal semigroup. Another is: y*(Z (X)) C Z& P(G). (See [8, §5, or 4 or 3].)
In general, the compactification corresponding to a left m-introverted subal-
gebra F is (¢, G”), where ¢: G — G is the evaluation mapping; then
e (B(G7)=F.

A compactification (y, X) has the joint continuity property if the function

(s, x) 2 pE)x: (GxX)—- X

is continuous. We state first a consequence of Ellis’s Theorem [11, or 4, Theo-
rem B.1].

2.1 Lemma. Every compactification of a locally compact group G has the joint
continuity property.

Immediately from the definitions we get

2.2 Lemma. If (v, X) is a compactification of G, then both x — xy(s) and
Xx — w(s)x are continuous for s € G .

The next lemma collects some well-known results for easy reference.

2.3 Surjectivity Lemma. Let S and T be semigroups and let 0: S — T be a

surjective homomorphism.

(i) Let each of S and T have a minimal left ideal and a minimal right ideal.
(a) If L is a minimal left ideal in S, 6(L) is a minimal left ideal in T .
(b) If R is a minimal right ideal in S, 6(R) is a minimal right ideal in T .
(c) If M is the minimal ideal in S, 0(M) is the minimal ideal of T .

(d) If G is a maximal group in the minimal ideal of S, 0(G) is a maximal
group in the minimal ideal of T .

Furthermore, the mappings L — 6(L), etc., in (a)-(d) of ideals in S to ideals
in T orof groupsin S to groups in T are surjective.

(i) Let S and T have topologies with T compact, let 6 be continuous, and

suppose there is a compact K C S with 6(K)=T.

(a) If S is right topological, T is right topological.

(b) If S is left topological (analogously defined), T is left topological.

(c) If S is semitopological, T is semitopological.

(d) If S is topological, T is topological.

(e) If s — sx is continuous in S, t — t0(x) is continuous in T .

(f) If s — xs is continuous in S, t — 0(x)t is continuous in T .

Proof. (i)(a) Surjectivity implies that (L) is a left ideal. Let L' C §(L) be a

left ideal. Then 6~!(L’) N L is a left ideal contained in L, so is equal to L;

thus L C 6~1(L'). So (L) C L', and O(L) = L'. To establish the last claim

of (i), let L; be a minimal left ideal of 7. Then 6~!(L,) is a left ideal of S,

hence contains a minimal left ideal of .S, which 6 must map onto L;.

The proof of (b) is similar. (c) follows as M = LR for any minimal left
ideal L and minimal right ideal R. (d) follows as G = RL for some minimal
left ideal L and minimal right ideal R.

(ii) We prove (e) first. Let {t,} C T be a net converging to ¢. We prove
any subnet of {¢,} has a further subnet which, when multiplied on the right by
f(x), converges to t0(x) (and that finishes the proof). For each a take s, in
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K with 6(s,) = t, . Given a subnet {sz} of {s,}, we can find a further subnet
{s,} converging to some s € K. Then

1,6(x) = 6(s,)0(x) = 0(s,x) — O(sx) = 6(s)6(x) = 16(x).

The proof of (f) is similar. (a), (b) and (c) follow from (¢) and (f). The proof
of (d) is left to the reader. O

3. THE QUOTIENT SEMIGROUP

Let G be a locally compact group with closed normal subgroup N, and
let (v, X) be a compactification of N. As in Hahn [16, §5], we let p be the
equivalence relation on Gx X with equivalence classes {(sr~!, w(r)x)|r € N}.
Thus

(s,x) p(t,y)ifand only if t~'s € N and w(t 's)x = y.

7 will denote the quotient map from G x X onto the quotient space (GxX)/p.
Clearly 7 is one-to-one on {e}x X, so it is meaningful to identify X = {e} x X
with its image in (G x X)/p. We will often do this. It is important for this
work that (G x X)/p is locally compact and Hausdorff. For completeness, we
give proofs of these facts. The technical details are collected in the next lemma.

3.1 Lemma. (i) The graph of p is closed.

(i) m: Gx X — (Gx X)/p is an open mapping.

(ii1) (G x X)/p is Hausdorff.

(iv) Let K be a compact subset of G and let L = KN . Then n(K x X) is
compact and equals n(L x X).

Proof. (i) To verify that the graph of p is closed, let (s,, x,) — (s, x) and
(tas Ya) = (£, p) in G x X with (Sa, Xa) p (ta, Va), 1€,

t7'se € N and w(1;'Se)Xa = Va,

for all «. Then ¢;!s, — t~!s, which is in N, since N is closed. The
joint continuity property of X implies that w(¢;!s,)x, — w(t~ls)x, hence
w(t~'s)x = y, as required.

(i) To prove that = is open, let O C G x X be open. We must show that
A :=n"!(n(0)), the union of the p-classes of the members of O, is open in
GxX.Let (t,y)€ A, (t,y)=(sr', y(r)x) foran (s,x)€ O and re N.
Let V ¢ G and W C X be open and satisfy (s, x) € V x W c O. Then
Vr—! x w(r)W 1is openin G x X, contains (¢, y), and is contained in A .

(iii) Suppose that P, = n(s, x) and P, = n(¢, y) are points of (G x X)/p
such that every neighbourhood of P; meets every neighbourhood of P,. We
must show that P; = P,. Since the openness of 7 implies, for éxample, that
{=(U) | U is a neighbourhood of (s, x)} is a neighbourhood base for P, , there
exist nets {(s,, X,)} and {(¢,, y4)} convergingin Gx X to (s, x) and (¢, y),
respectively, and also satisfying (s,, Xo) p (o, Vo) for all a. But the graph of
p is closed, so (s, x) p (t,y), i.e.,, P, = P, as required.

(iv) Since 7 is continuous and K is compact, n(K x X) is compact; it
remains to show that 7(K x X) = n(L x X). But, if ({,x)e Lx X, t=sr
foran s€e K and r€ N,and =n(t, x) =n(s, y(r)x) en(K x X). O
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3.2 Proposition. The quotient space (Gx X)/p is locally compact and Hausdorff-
If G/N is compact, then (G x X)/p is compact.

Proof. Lemma 3.1(iii) asserts that (G x X)/p is Hausdorff. The local com-
pactness of (G x X)/p is established by noting that n(}V x X) is a compact
neighbourhood of #n(s, x), if V' is a compact neighbourhood of s.

The second claim follows from Lemma 3.1(iv) and the fact that compactness
of G/N isequivalent to the existence of a compact K C G such that G = KN ;
see [9, 5.24(b)]. O

Let u: G— G x X be defined by u(s) = (s, 1) (where 1 is the identity of
X). '

3.3 Lemma. mou is a continuous map from G onto n(Gxy(N)). Furthermore,
if w is a homeomorphism of N into X, then mo u is also a homeomorphism;
moreover, G is homeomorphic to an open subset of (G x X)/p.

Proof. As the composition of continuous maps, 7o u is continuous. It is onto;
for, if (s, w(r)) € Gx w(N), then (s, w(r)) p (sr, 1). Suppose ¥ is injective.
Then, if (s, 1) p (¢, 1), we have w(t"!se) =1,1i.e., s =t;s0 mou isinjective.
Suppose ¥ is a homeomorphism of N into X . Then y is open, since N is
locally compact. To prove that mo u is also open, take open V' C G. We must
show that W :=n~!(mou(V)) isopenin G x X . But

W={(s,x)|(s,x)p(t, 1) forsometeV}
={(s,x)|t's € Nand y(: 's)x = 1 for some ¢ € V}.
The equality in the last set implies that x = w(s~'7), and so W is just
{(s, w(r) € Gx w(N) | sreV},
which is openin G x X, since y: N — X isopen. O

If N is a closed normal subgroup of G, we define o;(r) = s~ !rs for s€ G
and r € N. A compactification X of N is said to be compatible with G if
each o; extends to a continuous function from X into X, i.e., if {w(os(ry))}
converges in X whenever {y(r,)} does. Compatibility implies that each o;
determines a continuous transformation of X , for which we use the same nota-
tion g, . In 5.5, we present some examples of noncompatible compactifications.

3.4 Lemma. Suppose that the compactification X of N is compatible with G .
Then, for each s € G, o5 is a continuous automorphism of X .

Proof. Since a;(N) = N, o, must be a homeomorphism of X onto X (with
inverse g,-: ). We show o5 is a homomorphism. First, we have

(%) as(xy) = g5(x)os(y)

for x, y € w(N). Since X is a right topological semigroup with w(N) C A(X),
we conclude that (x) holds for x € w(N), y € X, and then that (x) holds for
all x,y e X,asrequired. O

If N is a closed normal subgroup of G and the compactification X of N
is compatible with G, a semidirect product multiplication on G x X may be
defined by

(S’ X)([, y) = (St’ Ut(-x)y)'
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(This semidirect product formulation seems forced on us at this juncture, no
doubt by the one-sided continuity of the setting. It is not the usual one, as in
[4 and 18]. For other purposes in this paper we will follow [4 and 18], taking
G = G| x G, , where G, acts on G; with the product given by

(s, 0)(s1, t1) = (s0e(s1) , 221).)

3.5 Lemma. Let G, N and X be as just described. Then G x X is a right
topological semigroup. Also the map

((s,7), (2, ¥) = (st, w(a(r)y): (Gx N) x (Gx X) = Gx X

is continuous. Furthermore, the equivalence relation p is a congruence.

Proof. The continuity conclusions are easily established using Ellis’s Theorem.
We prove that p is a congruence. Suppose that (s, x) p (¢, y) and (u, z) €
Gx X . Then t7'se€ N and w(t~'s)x =y, so that, for example,

(s, x)(u, z) = (su, a,(x)z) p (tu, ou(y)z) = (¢, ¥)(u, z),

which follows because (fu)"!su =u"'t"'su € N and

()~ su)ou(x)z = au(w (t7'5)x)z = ou(y)z. O

3.6 Theorem. Let N be a closed normal subgroup of G and let X be a com-
pactification of N that is compatible with G. Then (G x X)/p is a locally
compact, right topological semigroup, and a compactification of G if G/N is
compact. Also, (G x X)/p has the following universal property. Let (¢, Y)
be a semigroup compactification of G such that the restriction of ¢ to N C G
extends to a continuous homomorphism ¢ . X — Y in such a way that for each
se€eG and xe X

9(05(x)) = p(s )P (x)p(s).

Then there is a (unique) continuous homomorphism 9: (G x X)/p — Y such
that Somou=¢, where u(s)=(s,1)eGxX and n: Gx X - (GxX)/p
is the quotient map.

Proof. The first claims have been established in Lemmas 3.2-3.5.

To prove the universal property, we first define ¥y : GxX — Y by Go(s, x) =
p(s)@(x). Yy is continuous, since Y is a compactification of G, and also a
homomorphism, as is readily verified. ¥ is obtained as a quotient of ¥y by
showing that ¥y is constant on p-classes of G x X . The verification of this is

also left to the reader. O

Let P be a property of compactifications which admits universal P-
compactifications (at least for locally compact groups G). Let &# = F(G)
be the left m-introverted subalgebra of .#%(G) whose spectrum G is the
universal P-compactification. (See [4], especially §3.3, for this.) In the next
theorem, we consider properties P of compactifications that satisfy an addi-
tional condition. This condition is satisfied by most of the properties mentioned
in [4, §§3.5, 3.10 and 3.13]. In particular, it is satisfied if the property P of
compactifications (y, X) is that X is semitopological, topological, or a group.
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3.7 Theorem. Let N be a closed normal subgroup of G with G/N compact.
Suppose that P is a property of compactifications such that (y|n, w(N)~) is
a P-compactification of N whenever (v, G) is a P-compactification of G .
Suppose that the universal P-compactification (¢, N¥) is compatible with G .
g?(G xN?)/p has property P (as a compactification of G), then (Gx NZ)/p =

Proof. We show that (G x N¥)/p solves the universal mapping problem for
P-compactifications of G. Let (¥, X) be such a compactification. Since
(v|n, w(N)™) isa P-compactification of N, it follows from the universal prop-
erty of N7 that y|y extends to a continuous homomorphism ¥ : N¥ — X .
We first show that
(%) 7(a5(x)) = w(s~Hw(x)yp(s)
for all s € G and x € N¥ . Indeed, for fixed s € G, both sides represent
homomorphisms of N¥ into X ; both sides are continuous in x (for o; is
continuous by compatibility, and the right-hand side by Lemma 2.2); and the
two expressions coincide on the dense subspace N (on which ¥ = y ).

Now the map ¥ x ¥ : G x N¥ — X defined by

wx (s, x)=w(s)w(x)
is continuous (Lemma 2.1) and a homomorphism, since

v x (s, x)(t, y)) =y x y(st, a(x)y) = w(st)y(o(x)y)
=y ()Y (O (a (X)) = v w ) w)w ()
=yEOux)w O (y) = x s, x)y x g1, y).
Also y x ¥ is constant on p-classes, as, if (s, x) p (f,y) so that t"'s € N
and ¢(¢~!s)x =y, then
wx (s, x) = w()p(x) =y 's)i(x)
=y oe(t™ )y (x) = w(t)(e(t™ s)x)
=y ly) =y x ¥, ).
Thus, the quotient of y x ¥ gives the required continuous homomorphism
(GxN%)/p—X. O

In some situations, we want to be able to conclude that the right topological
semigroup (G x X)/p of 3.6 is also left topological. To reach this conclusion
by the methods above, it is necessary to assume as well that the map s —
os(x): G — X 1is continuous for all x € X (although, as will be seen later
(4.5), we are sometimes able to reach this conclusion with a less restrictive
assumption).

3.8 Lemma. Let X be a compactification of N compatible with G. Suppose
that s — as(x) is continuous for all x € X . Then

(s, x)—>0o5(x):GxX - X
Is continuous.

Proof. Since (s, x) — a5(x) is a group action, this is a consequence of Ellis’s
Theorem. 0O

We now deal with some specific compactifications.
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3.9 Theorem. Let N be a closed normal subgroup of G with G/N compact.
(i) (Gx N“#)/p=G*¥.
(ii) (GxN?)/p=G?.
(iii) If s — 05(x): G — N*¥Z s continuous for all x € N*¥% | then

(iv) If s = a5(x): G — N¥7 is continuous for all x € N, then

(Gx N7/ p=G¥?.
Proof. For each of these we apply Theorem 3.7, noting first that the property P
of compactifications (y, X) that we are dealing with is, for the various parts:

(i) no further restriction on compactification (v, X).

(ii) X is a group.

(ili) X is a semitopological semigroup.

(iv) X is a topological semigroup.

One easily concludes that these properties satisfy the extra condition in the
statement of Theorem 3.7, noting for (ii) that a closed subsemigroup S of a
compact right topological group X is a group (which follows from the fact
that the identity of a maximal subgroup S; in the minimal ideal of S will
have to be the identity of G, hence S = .S;). The universal properties of the
compactifications of N mentioned in the statement of the theorem imply that
these compactifications are compatible with G. The arguments required are
fairly general and will serve to show that many universal compactifications of
N are compatible with G; we give the details for (iii). Let ¢ : N — N#¥¥
be the evaluation map, &(r)(f) = f(r) for re N, f € N¥*9%  For s € G, the
map ¢€oo; is a continuous homomorphism of N into a compact semitopological
semigroup. By the universal property of N#¥% [8, or 1, 4.2.11], €oa; factors
through N#¥Z: there is a continuous homomorphism v: N#¥% _, N#¥%
such that eo0; = voeg. v is the continuous function extending o, that is
required by the definition of compatibility.

Since (G x N<%)/p is a compactification of G (3.6), the proof of (i) is
complete, as is that of (ii) once we note that, since N< is a group, (Gx NZ)/p,
the quotient by a congruence of a semidirect product of groups is also a group.

To finish the proof of (iii), we need only note that, since N*¥% is a semi-
topological semigroup, so is G x N*¥< (using 3.8), and also (G x N*¥*%)/p
(2.3(ii)(c)). The proof of (iv) is similar. O

The results of 3.9 have analogues for some “nonsemigroup” compactifica-
tions, for example, for the spectra of left translation invariant C*-subalgebras of
Z€ . P2 and maximal subalgebras .# of # %Y are this kind of subalgebra,
and they need not be left m-introverted, so their spectra need not be semigroup
compactifications. (We point out that such an algebra .# consists of functions
of the form s — h(e|(s)v), where (g1, X;) is the £ #&-compactification, v is
a fixed idempotent in a fixed minimal left ideal L C X, and & € &(L); see
[4, §4.8, especially 4.8.3].)

For, let # = #Z(N) be such a subalgebra of X% (N), with spectrum X :=
N# and evaluation map ¢: N — X. (Then &*(%(X)) = #.) The product
of an arbitrary pair of elements of X may be impossible to define in a useful
way, but, for r € N and x € X, &(r)x is defined by &(r)x(f) = x(L,f) for all
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f € #Z (where L,f is the left translate of f by r, L,f(r;) = f(r;r)). Then
(r,x)—ée(r)x: Nx X — X is an action (&(rry)x = &(r)(e(ry)x)) and (N, X)
is a flow (as in [12, 9.2 ff.]). In particular, a multiplication m is induced on
&(N) and ¢ is a homomorphism of N onto &(N). There is a peculiar aspect
of m in the case of .#,when X @ L and ¢: r — & (r)v € L. m need not
agree with the multiplication L has as a subsemigroup of the compactification
X1; &(N) need not even be a subsemigroup of L for this latter multiplication!
The two multiplications will agree on ¢(N) if N is abelian.

We may now proceed, as above (and in [16]), to define the equivalence rela-
tion p on Gx.X, and the conclusions of Lemmas 3.1-3.3 can still be established
in this setting. Also the fact that (s, &(r)) p (s1, €(r1)) and (¢, x) p (1, x1)
will imply

(s, &(r)(t, x) = (st, e(t™"r)x) p (sitr, e(t7 ritr)x1) = (s1, &(r))(t1, x1).
Thus (s, (¢, x)) — (st, x): Gx ((Gx X)/p) — (G x X)/p is an action and
(G, Y) :=(G,(GxX)/p)

is a flow in which (N, X) is canonically embedded via x — (e, x). (More
precisely, x maps to {(r, e(r~1)x) | r € N}, the p-class of (e, x).)

Here are our analogues of 3.9. We present 3.9(ii) again, as it fits nicely into
this context as well.

3.10 Theorem. Let N be a closed normal subgroup of G with G/N compact.

(i) (GxN?)/p=G?.

(ii) (G x N¥2)/p = G77 .

(iii) (Gx N*)/p=G*.
Proof. We start with some details for (i1). (The middle author thanks Professor
T.-S. Wu for correspondence on these matters some years ago, in particular, for
the reference [16].) Let ¢: N — N¥Z be the evaluation mapping. Then N¥Z
is the universal minimal point distal flow of N with 1 =¢g(e) as distal
point. To see this, we show first that the flow (N, N¥?) with action

(r, x) — &(r)x: N x N*2 - N¥Z

is minimal and point distal with 1 as distal point. If the flow is not minimal,
there is an x € N9Z with ¢(N)x not dense in N¥Z ; one sees easily how to
get a function f € P (N) = &(N¥?), f not equal to the constant function
1, with a net of right translates converging pointwise to 1. But such an f is
not in LY (N), a contradiction. Next, if the flow is not point distal with
1 = g(e) as distal point, there are x, x; € N and {r,} C N with &(r,) —
x; and &(r,)x — x;. Let f € PD(N) = ZF(N??) be 1 at ¢(e) and 0 at x,
and let {e(up)} converge to x. Then (the pointwise limit) A: = limg Ry, f
is not equal to f, but lim, R, A = lim, R, f, ie., [ ¢ PL(N), the same
contradiction.

Now, for the universal property, let (N, X) be a minimal point distal flow
with x € X as distal point. Each function f: r — f(rx) foran f € Z(X) isin
P (N); one sees this by applying [29, Proposition 2.1 to {f(- x1) | x1 € X},
which is just the pointwise closure of Ry f , the set of right translates of /. The
required map of N2 onto X is the adjoint of the injection f — f: & (X) —
PD(N).
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Continuing, we show that (G, (G x N¥?)/p) is minimal point distal with
(the p-class of) (e, 1) as distal point. The minimality follows from that of
(N, N¥?):

{(str™!, e(r)x) | s€ G, re N}

is dense in G x N¥Z for all (¢, x) € G x N7 . For the point distality, we
assume that we have a net {¢,} C G and (¢, x) such that

(tas (e, 1)) = (ta, 1) = (11, x1) and (L, (£, X)) = (Lat, X) = (41, X1).

(Convergence here and throughout this proof is in (G x N¥Z)/p unless spe-
cific mention is made to the contrary. Of course, convergence of a net in
G x N¥Z implies the convergence of its image, under the quotient map 7, in
(Gx N¥?)/p.) We must show (e, 1) p (¢, x). Let K € G be compact with
KN = G, and let each t, = s,r, for an s, € K and r, € N. Then, without
loss of generality, we may assume that

(tas 1) p (tars', €(ra)) = (Sa, €(ra)) = some (1, x;) € K x N

(convergence in K x N9Z ). Similarly,
(tal, X) p (totu', €(us)x) — some (3, X3)
(convergence in K x N¥?) for a suitable net {u,} C N. Of course,
(tr, x1) p (2, x2) p (83, X3),
so (1371, &(r)x3) = (t2, xp) for some r € N. Now, with v, := ru,, we have
(tatvy ', &(va)X) = (12, X2)

in K x N2 | Thus, ratv;! = (tor7') " (tatv;!) — e in G, which implies that
e € tN,since N is normal, i.e., t € N. Finally,

8(Uat—l)1 = 8(vat_1ra—lra) = 8(2)0[“17;1)8(1‘,1) — X2

and &(vat~")(e(f)x) — x, (convergence in N¥Z both times), so &(¢)x = 1 and
(e, 1) p (¢, x), as required.

The method of proof of 3.7 can now be applied to show that (G x N¥Z)/p
has the universal property of G?Z |, hence must be (isomorphic to) G%Z . This
completes the proof of (ii).

Proofs of (i) and (iii) can be given along similar lines. However, (i) has been
dealt with in 3.9(ii), and we can prove (iii) quickly by citing 4.2(ii) below, which
(along with [12, Proposition 7.13 ff.]) gives the result fairly explicitly. O

4. APPLICATIONS: A STRUCTURE THEOREM AND FUNCTION'SPACES

We now present two (theoretical) applications of our main results. We shall
turn to specific groups in the next section. The idea of the first is that, if we
can construct the compactification G from NZ, then we should be able to
obtain structural features of G¥—such as minimal ideals—from those of N< .
The second application says the same for the function spaces associated with
the compactifications: (G) must be obtainable from Z(N). We begin with
a lemma.
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4.1 Lemma. Assume the hypotheses of Theorem 3.7. Suppose that the compact
group G/N with quotient map n,: G — G/N has property P, so that there is
a canonical extension ¢: (G x N¥)/p=G? — G/N. Then ¢~'(1) = NZ (or,
more precisely, p~'(1) = n({e} x N7), where n: G x N¥ — (G x N¥)/p is
the quotient map).

Proof. The extension hypothesis means that 7; = gomoyu, i.e., that m; factors
through Gx N and (GxN?)/p (notation as in 3.6). So, since #;'(1) = N, it
follows that (pom)~'(1) is the closure of the union of the p-classes of members
of u(N),ie., (pom)~I(1)=N x NZ. Hence

o Y1) =a(N x N?)=n({e} x N¥). O

4.2 Theorem. Let P be such that the hypotheses of Theorem 3.7 and Lemma
4.1 are satisfied, so that (G x N¥)/p = GZ. Consider N¥ to be a subset of
G? . Let K C G be compact with KN = NK =G, and let Ky :=nou(K) be
the image of K in (Gx N%)/p.

(i) Every idempotent of GZ is in N¥ . If the idempotents of GZ or of N¥
form a semigroup, then the two sets of idempotents are isomorphic semigroups.

(ii) L is a minimal left ideal of GZ if and only if there is a minimal left ideal
Ly of N? with L = KoLy . The corresponding assertion holds for minimal right
ideals (R = RoKy) and the minimal ideal (M = KoMyKy) .

(iii) Suppose there is a continuous homomorphism t — r(t): G — N with
0 = Oy forall t € G. Then A(G”) =Ky - A(N7).

Proof. (i) The homomorphism ¢ of Lemma 4.1 must map idempotents to 1,
the only idempotent in the group G/N . The conclusion follows easily.

(ii) We apply the Surjectivity Lemma 2.3 with S =G x N, T = G and
6 = 7, the quotient map from G x N¥ onto G“ . The minimal left ideals of
G x N7 are precisely the sets of the form G x Ly with Ly a minimal left ideal
in N . The minimal left ideals L of GZ are therefore of the form

n(G x Lo) = n(G x {1}) - n({e} x Lo) = mo u(G) - Lo
=nou(KN)-Lo=Ko+(mou(N))-Lo= KoLo.

To apply the same method to right ideals, we must first find the minimal
right ideals of G x N7 . So, let R be a minimal right ideal in G x N7, let
(s, x) € R,andlet R, be a minimal right ideal of N¥ . Then Ry := g,-1(x)R,
is also a minimal right ideal of N and

{e} x Ro= (s, x)({s”'} x R|) C R,

hence R = ({e} x Ry) - (G x N¥) = Useq(s» as(Ro)) . Sets of the last form are
minimal right ideals of G x N¥ ; one sees this using the fact that each oy, being
a continuous automorphism of N (3.4), maps Ry onto a minimal right ideal
of N¥ (2.3(i)(b)). The latter result quoted tells us also that the minimal right
ideals of GZ are precisely the sets of the form R := (U cs({s} x 05(R0)))-
Now let x € Ry and let {r,} C N be such that &(r,) — x (where ¢ is the ho-
momorphism of N into N ).Then, since N and G¥ are compactifications,
we get

n(s, os(x)) =n(s, \m (e, ligna(s“ras)) =limr((s, 1)(e, e(s71r,s)))

= lignn(ss"ras, )= (lignn(ra, 1)) n(s, 1)=mn(e, x)n(s, 1) = xmo u(s).
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Hence R = |J,(Ro-mou(s)) = Ro*mou(G) = Ry-mou(NK) = Ry-mou(N)-Ko =
RoKj .
The characterization of the minimal ideal is now easy, for

M = LR = KyLyRoKo = KoMK,
(iii) Multiplication in G x N¥ is given by
(s, x)(t, ¥) = (st, 0 (x)y).

We first prove that A(G x N¥) = G x A(N?). It is easy to see that (s, 1) €
A(GxN?),if s € G. Therefore, if (s, x) € A(GxN?),soalsois (s, 1)(s, x)
= (e, x). This implies that x € A(N?). So A(G x N¥) C G x A(N?).

To prove the reverse inclusion, we observe that, in the present setting, g,(x) €
A(N?) for t € G and x € A(N?) (2.3(ii)(f)), and the map

t = a,(x) = gy (x) = e(r(t)~")xe(r(2))

is continuous from G to A(NY). That (s, x) € A(G x N¥) if x € A(N?)
follows from the joint continuity property of compactifications.
Using 2.3(ii)(f) again, we now conclude that

A(G”) 2 (G x A(N7)) = n(G x {1}) - A(N?)
=10 u(K) - &(N) - A(N7) = Ko - A(N7)

(as &(N) c A(N?)). Finally, if x € A(G”), take an s € G with n(s~!, 1)x €
NZ (which is possible, G/N being a group). Since n(s~', 1) € G, we find

25!, Dx € A(G?)n N? C A(N?).
So, x =mn(s, )-n(s~!, Dx € K- A(N¥). O

4.3 Remarks. (i) The reader will have noticed that, in 4.2, the maximal groups
in the minimal ideal of G¥ have not been described in terms of those of N¥ .
This is because the best we seem to be able to do in general is to observe that
such a subgroup H of G will have the form H = RL = RoKyLo (notation as
in 4.2), which is not very satisfactory. However, if K is in the (algebraic) center
of G or, more generally, if K; is in the center of G¥ , then H = RL = KoHy =
HyKy = HyKyHy, where Hy := RgLg is a maximal subgroup in the minimal
ideal of N . We get the same conclusion in settings where the minimal ideal
is a group (e.g., weakly almost periodic compactifications).

(ii) The conditions of 4.2(iii) are satisfied if N is in the center of G, in
which case g, =1 forall s € G, orif G is a direct product K x N of groups,
when o ) =0;.

We now turn to the consideration of functions on N and G. Our real aim
is to show how Z(G) can be obtained from Z?(N), but it turns out that we
can give our results in a more general formulation.

4.4 Theorem. Let N be a closed normal subgroup of G with G/N compact.
Let F and % be left m-introverted subalgebras of L% (N) and L ¥(G),
respectively. Suppose that G — G/N extends to a continuous homomorphism
G¥ — G/N . Then the following are equivalent.

(i) N7 is compatible with G and (G x N%)/p = G% .
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(ii) Ely=F .

(iii) N7 is a subsemigroup of G¥ , by which we mean that, if (¢, G%) is the
Z-compactification of G and (&1, N7) is the F -compactification of N, then
there is a topological isomorphism ¢, of N7 into G¥ such that ¢|y = ¢ 0¢;.
Proof. The equivalence of (ii) and (iii) is easy Gelfand theory. (& = & (N¥)
and & = Z(G%), so N7 is a closed subspace of G¥ if and only if &|y =% .
‘Subsemigroup’ uses the joint continuity property.)

(i) implies (iii). The (continuous homomorphism) quotient map

n: Gx N7 - (GxN7)/p

is injective on the compact set N7 = {e} x N7 , so gives the topological iso-
morphism of N¥ into G¥.

(iii) implies (i). First, using (ii), we show that N is compatible with G by
defining o,(x)(f) for s € G, x € N7 and fe€.F = Z(N7) by a;(x)(f) =
x(goag|n), where g € &, g|y = f. Since every such extension g yields a
g oa, agreeing with foag, on N, hence on N7 | a4(x) is well defined. (Bear
in mind, as well, that left m-introversion implies translation invariance.) So
G x N7 is a semigroup (3.5),

(S> X)(l, _V) = (Sta Gt(x)y)'

Next, let K ¢ G be compact with G = KN, and identify N7 with its
image in GY , so in particular &(r) = &,(r) for re N. If v: G x N¥ — G%
is defined by v(s, x) = &(s)x, then the argument proving () in 3.7 shows
that v(e, g,(x)) = e(s~!)xe(s) forall s € G and x € N7 . Hence, v is a
homomorphism and

v(Gx N7)=v(K x {1})v(N x {1})N? =v(K x {1})N7

is a compact subset of G¥ (by the joint continuity property of G ) and con-
tains the dense subset &(G), so equals G7 .

We complete the proof that (iii) implies (i) by showing that » is just the quo-
tient map of the relation p. Observe that, if ¢ : G¥ — G/N is the continuous
homomorphism provided by the hypotheses, then ¢(N7 ) = p((e(N))~) = {1}.
Therefore, if s € G and &(s)x = y for some x,y € N7, we have ¢ og(s) =
poe(s)p(x) = p(y) =1, so that &(s) € e(G)Ng~! (1) =&(N), i.e, s € N. Now,
the following four assertions about a pair of points (s, x), (¢, y) € Gx N7 are
equivalent:

v(s, x)=v(t,y);

e(s)x =e(1)y;

e(t"'s)x =y and t~'s€ N; and

(s,x)p(t,y). O

Using Theorem 4.4, we get the following variants of Theorem 3.9, (iii) and
(iv).
4.5 Corollary. Let N be a closed normal subgroup of G with G/N compact.

(i) (Gx N*2)|p=G*¥? ifand only if WA P(G)|y = WX P(N).

(ii) (Gx NY?)/p=G¥? ifand only if & P(G)|y =L P(N).

For our main result about functions we need a lemma, the ideas for which
go back at least to Ptak [27].



110 A. T. LAU, P. MILNES AND J. S. PYM

4.6 Lemma. Let X and Y be compact spaces, and let D be a dense subset of
Y. Then f: X x D — C has a continuous extension f: X xY — C if and only
if both

(i) for each x € X, d — f(x, d) has a continuous extension to Y , and

(ii) {f(-, d) | d € D} is an equicontinuous subset of € (X).

Proof. If f exists, then d — f(x,d) on Y extends d — f(x,d) on D, so
(i) holds. Also, {f(-,y) |y € Y} is a compact subset of &, so equicontinuous;
{f(-,d) | d € D} is a subset of this.

Conversely, if {f(-, d)|d € D} is equicontinuous, then it has norm compact
closure in #(X) (Arzela-Ascoli). Therefore, if {d,} ¢ D and d, >y €Y,
{f(-, da)} clusters at a function f(-, y) (say) in % (X). But for each x € X,
(i) assures us that {f(x, d,)} converges to a limit which must be f(x,y).
Thus f(-, dy) — f(-, y) uniformly. It is easy to see now that f is well defined
on X x Y, extends f, and is continuous. 0O

4.7 Theorem. Let N be a closed normal subgroup of G with G/N compact.
Suppose that the hypotheses of Theorem 4.4 hold and that N7 is a subsemigroup
of G¥ (and therefore that (i), (ii) and (iii) of 4.4 hold). Let K ¢ G be compact
with KN = G. Write v: K x N — G% for the quotient map K x N7 —
(K x N7)/p=G?.

Let f: K x N — C be continuous. Then = gov forsome g € % ifand
only if the following three conditions hold:

(i) f is constant on p-classes;,

(ii) for each s€ K, f(s,:) € F ; and

(iii) {f(-, r) | r € N} is equicontinuous.

Proof. Start with g € & . Let g be its continuous extension to G (i.e., let
g2 € Z(G%) be such that ¢*(g) = g). Then f :=gov extends f :=gov to
K x N7 . Since f = gov, (i) holds. Since f extends to K x N7 , (ii) and
(ii1) come from Lemma 4.6.

Conversely, suppose that (i), (ii) and (iii) hold. Lemma 4.6 tells us that f
has a continuous extension f to K x N7 . If we prove that f is constant
on p-classes, it will follow that f = g o v for some g € Z(G*) and hence
that £ = gov for some g € &. So take (s, x) p (t,y) in K x N7, so
that t~!'s € N and ¢ (t 's)x =y. (Asin 4.4, &;: N — N7 is the evaluation
mapping.) Find {r,} ¢ N with ¢(r,) — x. Then

Xo = e1(t7 sry) — &1 (¢ 1s)x.

By definition, (s, &/(ra)) p (¢, Xo). By hypothesis (i), f(s, &1(ra)) = f(£, Xa) -
By continuity, f(s, x) = f(¢, y), as required. O

From 4.7 and 3.10, with the help of 4.4, we get

4.8 Theorem. Let N be a closed normal subgroup of G with G/N compact.
Let K C G be compact with KN = G. Define 1: KxN — G by 1(s, r)=sr.
Let g: K x N — C be a continuous function that is constant on p-classes, so
that g = f ot for some continuous f: G — C.

(1) f e LF(G) if and only if g(s,-) € LE(N) for each s € K and
{g(-, r) | r € N} is equicontinuous.
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(ii) Suppose that #A P (G)|y = WX P(N). Then f € A P(G) if and only
if g(s, )€ WA P(N) foreach s € K and {g(-, r) | r € N} is equicontinuous.

(iii) Suppose that &/ P (G)|y = L P(N). Then f € & P(G) if and only if
g(s,) e L P(N) foreach s € K and {g(-,r) | r € N} is equicontinuous.

(iv) f € D(G) ifandonly if g(s,-) € D (N) for each s € K and {g(-,r) |
r € N} is equicontinuous.

(v) f € PY(G) if and only if g(s,-) € PL(N) for each s € K and
{g(-, r) | r € N} is equicontinuous.

(vi) f € HFZV(G) if and only if there is a maximal subalgebra # C
MIV(N) with g(s,-) € # foreach s € K, and also {g(-,r) | r € N} is
equicontinuous.

Proof. These follow from the theorems cited. O

Another characterization of these functions on G = KN can be given in
terms of vector-valued functions on N . For example, let f € £ %(G) and de-
fine g on Kx N by g(s, r) = f(sr),i.e., g = fot, as above. Define F: N —
%(K) by F(r)=g(-,r). Asin [4, 4.4.21], we say that F € L& (N, F(K)) if

(1) NLr,F = Ly F||:= sup | F(rar) — F(rir) ||
r

= sup |F(rar)(s) — F(rir)(s)] — 0 whenever r, — ry.
reN, sekK
But the absolute value above is just |f(sryr) — f(sri7)|, which tends to O uni-
formly in s and r, since sror(srir)~! — e uniformly in s and r. (The last
claim holds, since G is a topological group; then the second last holds, since
feX%(G).) Thus F e (N, €(K)).

We define three spaces of continuous functions from N into #(K). To
begin, the range of each function F considered is norm relatively compact in
% (K) (equivalently, by Arzela-Ascoli, {F(r) | r € N} is bounded and equicon-
tinuous); hence, F is norm bounded. The definitions are completed as in [4].

(i) Fe ZF (N, F(K)) if (1) above is satisfied.

(i) F e A P (N, € (K)) if the set of right translates RyF :={R,F |r €
N} of F is weakly relatively compact in & (N, #(K)).

(ili) Fe/ P(N, Z(K)) if RyF isnormrelatively compactin & (N, #(K)).

Analogues of these definitions and of the next result can be devised for &,
P and A%V, and for other spaces. The devoted reader will devise some
of these.

4.9 Theorem. Let G, N, K, 7, g, and f be as in Theorem 4.8. Define
F:N > %K) by F(r)y=g(-,r).
(i) fe LF(G) ifandonly if F € ZF (N, €(K)).
(i) fe XA P(G) ifand only if F € WA P (N, €(K)).
(iii) fe L P(G) ifandonly if F € 4 P(N, F(K)).
Proof. (i) The proof in one direction is given above. Suppose that
FeZ¥E(N,?K))

and s € K. Since g(s, r) = F(r)(s) = f(sr), (1) and the sentence following
show directly that g(s, -) € L% (N),so f €. ZLZ(G), by 4.8(i).

(i) If f € #¥Z P(G) and satisfies Grothendieck’s double limit criterion
(DLC) [15, or 4, p. 139] for weak almost periodicity on G , it follows immedi-
ately that each g(s, ) satisfies DLCon N,so F € Z¥ P(N, €(K)) (4.8(ii)).
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With a small amount of extra work, the converse is a consequence of Theorem

3in[23]. Put X =% (K) and C = N, and let D be the evaluation functionals

on #Z(K) by members of K in the cited theorem. If F € Z& P(N, #(K)),

DLC implies that each g(s, -) € Z& P(N), hence [ € Z& P(G) (4.8(i1)).
(ii1) It is easy to verify directly that f € &/ % (G) implies that

F e PN, Z(K)).

The converse follows from 4.8(iii). O

5. EXAMPLES

We begin by looking at some specializations of our main results.

5.1. The most awkward hypotheses in our theorems are that compactifications
of N should be compatible with G and that s — g; should be (in some sense)
continuous. These conditions are trivially satisfied if o, is the identity for all
s € G. This is equivalent to

(i) N C Z(G), the algebraic centre of G, and it is therefore obviously
satisfied if

(i) G 1is commutative. Under condition (i), for any property P,
(G x N?)/p = G? (Theorem 3.7), including the cases dealt with in Theorems
3.9 and 3.10. If the compactification G — G/N has property P, then each
function in £ (N) extends to a function in Z(G) (Theorem 4.4). By Theorem
4.2, minimal ideals of G (etc.) can be obtained from minimal ideals of N¥
(etc.); as noted in Remark 4.3(i), we also get

A(G?) = Ky - AIN?) = A(N?) - K.

5.2. Another special case is when G/N is finite. In this situation it is usually
easy to extend functions on N to functions on G just by taking left translates
onto the individual cosets. Theorem 4.2 then tells us that (G x N¥)/p = GZ .
This holds for the cases dealt with in Theorems 3.9 and 3.10. Theorem 4.6 says
that a function f: G — C is in £(G) if and only if r — g(sr) is in LP(N)
for each s € G (that is, g is the left translate of a Z(G) function on each
coset) and {s — g(sr)|r € N} is equicontinuous on some compact set K with
KN = G, since G/N is finite, we can take K finite, and this latter condition
is vacuous.

An example of this case is obtained by taking K to be a finite subgroup of
the circle group T and N =C, and G to be the semidirect product C x K (a
subgroup of the euclidean group of the plane C x T, as in 5.5).

5.3. Let us take a very specific example, G = R, N = Z. If we take
K =[0,1] c R, then K+ N = (G. Since G is abelian, we are in the case
5.1(ii).

We show how our theorems apply by looking at the %% -compactification.
Since Z is discrete, Z<% = BZ. If we regard Z as a subset of SZ, then 1+ x
and x + 1 are defined for each x € fZ and 1+ x=x+1. (Here 1 € Z, of
course.) The equivalence relation p on [0, 1] x BZ is given by (s, x) p (¢, y)
ifandonly if —t+s€Z and —s+¢t+x=y. Since s, ¢t € [0, 1], this means
that either (s, x)=(t,y),or s=1,¢t=0and y=x+1,0r s=0, t =1
and x = y + 1. So the only nontrivial equivalence classes are of the form
{(1, x), (0, x+1)}. This says that RZ% is obtained from BZ by adjoining a
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unit interval between each pair of points x and x + 1 in BZ (just as R itself
can be obtained from Z).

According to 5.1, minimal left ideals in R<? are obtained by taking minimal
left ideals in SZ and adjoining a unit interval between x and x + 1 for each
x . The same is true of A(RZ?);but A(BZ) is Z,so A(RZ?) is R. It follows
too that RZ% has precisely 2¢ minimal left ideals and 2¢ minimal right ideals,
and contains a copy of the free group on 2¢ generators, for these facts are true
for BZ (as for SN [19]).

Now let g be a function on R. For g to be in Z#(R), it is necessary
and sufficient that n — g(¢t + n) is in .Z%(Z) for each ¢ € [0, 1] (a vacuous
condition, since 2% (Z) consists of all bounded functions on Z) and that
{t — g(t+n) | n € Z} is equicontinuous on [0, 1] (Theorem 4.8).

Similar results hold for other compactifications of R. For example,

RZ¥Z — ([0, 1] x ZWM@)/p

The recent results of Ruppert [28] on idempotents in Z#¥¥ therefore hold for
R, too. His constructions of functions in Z% % (Z) can be used to produce
functions in Z¥ P (R). If g € W& P (Z), write x € R in the form x =t +n
with ¢t € [0, 1], define

fx)=(1-0gn) +1g(n+1),

and apply Theorem 4.8.)

Analogues of these conclusions about R = [0, 1]+Z hold for R” = [0, 1]"+
Y/

5.4. Here is a trivial example. If K and N are locally compact groups with
K compact, then the direct product G = K x N satisfies our conditions.

5.5. The euclidean group (or motion group) of the plane is an interesting
example, G =C x T with

(z,w)(zy,w) =(z+wzy, ’UJ’UJ]).

Here the normal subgroup N =C x {1} =2 C. Then & Z(G)|y & & P(N) [6,
24], 50 G¥7 2 (G x C¥?)/p (4.5(ii)). C¥? is compatible with G, so it is
the continuity of s — o5, as required in 3.9(iv), that must fail to hold. From
[6, 24], we can similarly conclude that G#¥¥ 2 (G x C*¥?)/p, and that the
continuity of s — g, , as required by 3.9(iii), also fails to hold.

We exhibit two compactifications of C that are not compatible with G .

(i) Let the compactification (¥, T) of C be givenby w(z) = w(x+iy) = e*.
For compatibility, we need the convergence of {e*} = {(¢/)*} in T to imply
the convergence of

{0, w) (W)} = {w(=z/w, w™)(xn, D(z, w))} = {(e"*?)*},

where w = ¢’?. Kronecker’s Theorem [18] says explicitly that this will not
happen if ¢’ and /¢ are linearly independent, i.e., if cosp € R\ Q.

(i) We can modify the compactification in (i) and get one that is injective on
C. The left m-introverted subalgebra ¥ of % (C) that (y, T) corresponds
to (i.e., w*(Z(T)) is just the set of C-valued functions x + iy — f(x), where
f is continuous and has period 2z. The direct sum # @ %(C) is also left
m-introverted, and its resulting compactification is injective and not compatible
with G . (% is the algebra of continuous functions vanishing at infinity.)
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The existence of noncompatible compactifications like these does not impede
the conclusions (G x CZ%)/p =~ GZ% | (GxC?)/p=G?, (GxC¥?)/p =

G?Q

,and (G xC#)/p=G* (3.9 and 3.10), even though
F C D(C) C PU(C) C H(C)C FE(C)

and & @ %(C) c L% (C). We pose a question: if (G x N¥)/p % GZ for

some
with

—

property P, does it follow that there is a compactification (y, X) of N
w*(Z (X)) C #(N) that is not compatible with G ?
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